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A REMARK ON OPERATOR-NORM CONVERGENCE OF
TROTTER-KATO PRODUCT FORMULA
Hiroshi TAMURA
An example is given which clarifies the present situation of the operator
norm convergence of Trotter-Kato product formula. It shows that the rate
of convergence of the formula with respect to the operator norm obtained
in [NZ2] is best possible. It also yields a counter-example of the operator
norm convergence of the formula in another case.
1 INTRODUCTION
Let A and B be nonnegative self-adjoint operators on a Hilbert space H with domain







holds in the sense of the strong convergence of operators, if A+B is essentially self-adjoint
on D(A)∩D(B). Moreover, if D(A1/2)∩D(B1/2) is dense in H, then A+B is well-defined
as the form-sum and (1) also holds in the strong convergence sense.
These are known as Trotter-Kato product formulas, ( See, e.g., [T, C, K] ) which
have important applications in mathematical physics, e.g., through construction of Feynman
path integral formulas. We refer to the former as Trotter’s theorem and the latter as Kato’s
theorem.
In [R], Rogava proved that the formula (1) holds in the sense of operator-norm
convergence if D(A) ⊂ D(B) and A + B is self-adjoint on D(A). After then, a series of
works on this subject have appeared[DIT, IT1, IT2, NZ1, NZ2]. They extended the problem
and improved the result of [R] in various senses. One of the typical results is the following.
THEOREM A [NZ2] If the self-adjoint operators A and B satisfy, for some α ∈ (1/2, 1)
and a ∈ (0, 1),
(i) A ≥ I, B ≥ O ;
(ii) D(Aα) ⊂ D(Bα), ||Bαx|| ≤ a ||Aαx|| for all x ∈ D(Aα);
(iii) D((A+B)α) ⊂ D(Aα),
then there is a constant c > 0 such that∣∣∣∣∣∣e−t(A+B) − (e−tA/ne−tB/n)n∣∣∣∣∣∣ ≤ c
n2α−1
(2)
holds uniformly in t ≥ 0. Here A+B is the form-sum of A and B.
The aim of the note is to clarify the accuracy of the above result by means of an
example. Namely we have the following theorem.
THEOREM B For each α ∈ (0, 1) and a ∈ (0, 1), there exist operators A and B on a
Hilbert space H such that they satisfy the conditions (i), (ii) and (iii) of Theorem A, and
the bound ∣∣∣∣∣∣e−t(A+B) − (e−tA/ne−tB/n)n∣∣∣∣∣∣ ≥ Ct
n2α−1
for α ∈ (1/2, 1) and n large,
lim inf
n→∞
∣∣∣∣∣∣e−t(A+B) − (e−tA/ne−tB/n)n∣∣∣∣∣∣ ≥ Dt for α ∈ (0, 1/2],
where Ct and Dt are positive and continuous in t > 0.
Remark 1: Theorem B implies that the bound (2) of the Theorem A is best possible in its
power of n.
Remark 2: The case α = 1/2 is an example for which Trotter-Kato product formula does not
hold in the operator-norm convergence sense, while it holds in the strong convergence sense
by Kato’s theorem. In other words, the operator-norm convergence of the product formula
can not be extended to the cases α ≤ 1/2 in this abstract setting, as conjectured in [NZ2].
2 EXAMPLE
Before dealing with a concrete example, let us recall some basic facts on operators acting in
a Hilbert space direct sum. Let {Hn }n∈N be a countable family of Hilbert spaces over R.
The inner product of Hn is denoted by ( , )n for each n ∈ N. The Hilbert space direct













Let An be a bounded nonnegative self-adjoint operator on Hn for each n ∈ N.










(Ax)n = Anxn for x = (xn)n∈N ∈ D(A).
Let Bn be another bounded nonnegative self-adjoint operator on Hn for each n ∈ N, and
B the operator constructed from (Bn)n∈N as above. Then the sum A + B is essentially
self-adjoint on its domain D(A)∩D(B). Note that D(A)∩D(B) is dense in H. The closure
of (A+B , D(A) ∩ D(B) ) is equal to the operator constructed from (An +Bn)n∈N, which
is also denoted by A+B. This is also equal to the form-sum of A and B. Now we consider
the strongly continuous contraction self-adjoint semigroup (e−tAn)t≥0 on Hn for each n.
Let Tt be the operator on H defined by
(Ttx)n = e
−tAnxn for t ≥ 0, x = (xn)n∈N ∈ H.
Then (Tt)t≥0 is equal to the strongly continuous contraction semigroup generated by −A,
i.e., Tt = e
−tA. Similarly, Aα is equal to the operator constructed from (Aαn)n∈N for α > 0.
Now let us give a concrete example. Under the above notation, we set Hn = R2
and consider the two bounded nonnegative self-adjoint operators
An = λ(E + n(S + E)), Bn = n(S cos θn + T sin θn + E)

















From (An)n∈N and (Bn)n∈N, we construct operators A and B respectively, as above. We
also get e−t(A+B) and so on.
We choose parameters λ, θn ∈ (0, pi/2] by setting
cos θn = 1− n, n = 2(2n)−max{1,2α}, λ = (2/a2)1/2α > 1 for α, a ∈ (0, 1).
Note that A and B depend on α and a. These operators have the following properties.
PROPOSITION 1 The operators A and B, defined above for each α, a ∈ (0, 1), satisfy
(i) A ≥ I, B ≥ O ;
(ii) D(Aα) ⊂ D(Bα), ||Bαx|| ≤ a ||Aαx|| for all x ∈ D(Aα) ;
(iii) D((A+B)α) ⊂ D(Aα).















Pn, An = λ
(




Thus (i) is obvious and we get (ii) because the bound
||Bαnxn||2n = (xn, B2αn xn)n = (2n)2α
(




≤ 2(2n)2α(x1n)2 + n(2n)2α(x2n)2 ≤ a2 ||Aαnxn||2n



















An +Bn = (λ+ n+ nλ)E + n
√






(λ+ n+ λn+ n
√
λ2 + 2λ cos θn + 1)
2α 0
0 (λ+ n+ λn− n√λ2 + 2λ cos θn + 1)2α
)
.
So we get (iii) because of the bound
||Aαnxn||2n = (yn, QnA2αn QTnyn)n
≤ 2λ2α((1 + 2n)2α cos2(ϕn/2) + sin2(ϕn/2))(y1n)2
+2λ2α
(





≤ C (yn, Qn(An +Bn)2αQTnyn)n = C ||(An +Bn)αxn||2n,





T = Qnxn and C is a positive constant independent of n. 
PROPOSITION 2 For each α ∈ (1/2, 1] and a ∈ (0, 1), there exists n0 ∈ N which
depends only on λ such that the bound∣∣∣∣∣∣e−t(A+B) − (e−tA/ne−tB/n)n∣∣∣∣∣∣ ≥ Ct nn
holds for all t > 0 and n > n0. For each α ∈ (0, 1/2) and a ∈ (0, 1), the bound
lim inf
n→∞
∣∣∣∣∣∣e−t(A+B) − (e−tA/ne−tB/n)n∣∣∣∣∣∣ ≥ Dt
holds for all t > 0. Here Ct and Dt are positive continuous functions of t > 0.




∣∣∣∣Tr e−t(An+Bn) − Tr (e−tAn/ne−tBn/n)n∣∣∣∣ (4)
hold, where the norm in the first member means the operator norm of bounded operators
on H, that in the second member is the operator norm on Hn = R2 and Tr in the third
member is the trace of 2×2 matrices.
For later use, let us prepare the following formulas:
e−sΛ = E cosh s− Λ sinh s, Tr e−sΛ = 2 cosh s, (5)
where Λ = S cos θ + T sin θ.
To get the first formula, we expand the exponential and use Λ2 = E , which is an
immediate consequence of the identities
ST + TS = O, S2 = T 2 = E.
The second formula follows from the first one and Tr Λ = 0.
Thanks to (3) and the above formulas, we get































anE − bnS − cnT
)n
,
where an, bn and cn are real positive numbers defined by
an = cosh tλ cosh t+ sinh tλ sinh t cos θn = cosh t(λ+ 1)− n sinh tλ sinh t, (7)
bn = sinh tλ cosh t+ cosh tλ sinh t cos θn,
cn = sinh t sin θn.
Since the identity
a2n − b2n − c2n = 1
holds, there exist real positive numbers Kn and Θn which satisfy
an = coshKn, bn = sinhKn cosΘn, cn = sinhKn sinΘn. (8)
From (7) and (8), we get














































eax − eay)(ebx − eby) dx dy > 0.
In order to consider the α > 1/2 case, let us introduce
ηn = λ+ 1−
√
λ2 + 2λ cos θn + 1 = λ+ 1−
√





Using Cauchy’s mean value theorem, (7), (8) and the inequality sinhnx/ sinh x ≥ e(n−1)x,
we have
coshnKn − coshnt(λ+ 1− ηn) = nsinhnLn
sinhLn
(







cosh t(λ+ 1) +
n
2
































where Ln = t(λ+ 1 + O(n)) is the mean value of Kn and t(λ+ 1− ηn). In the last step,




















Now the α > 1/2 case of the proposition is obvious. 
Thus we have proved Theorem B.
In connection with Rogava’s theorem, we note here the following property of our
example. It implies that the condition of Trotter’s theorem is not sufficient for the norm-
convergence.
PROPOSITION 3 The operators A and B, constructed above, satisfy
D(A) 6⊂ D(B), D(B) 6⊂ D(A) and A + B is essentially self-adjoint but not
self-adjoint on D(A) ∩ D(B) for each α, a ∈ (0, 1).
Proof: Put xn = (0, n











x = (xn)n∈N ∈ D(A)−D(B).
Similarly,
y = (yn)n∈N ∈ D(B)−D(A)
and
z = (zn)n∈N ∈ D(A+B)−D(A) ⊂ D(A+B)−
(D(A) ∩ D(B))
hold, where yn = n
−1+α/2(− sin(θn/2), cos(θn/2))T , zn = n−1+α/2(− sin(ϕn/2), cos(ϕn/2))T
and D(A+B) denotes the domain of the form-sum A+B. 
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